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SECTION A — MEASUREMENT

Al. THE MEASUREMENT PROCESS

Traditionally, the methods used to determine tHaevaf some physical
guantity and the uncertainty associated with theeaeination of that quantity
were characterised by the terms “random error” atsystematic error”. The
traditional method, often referred to as a “freqaishapproach”, gave rise to
inconsistencies in the way in which experimentalits were quoted. To
correct the deficiency, new standards for quotirgasurement results have
been published and these have been accepted wadddwi

The framework adopted in the standards is knowh@sprobabilistic
approach” and you are encouraged to acquaint yolfirsgh the methods
described in those specifications, especially if ggpect to be involved in
laboratory work in your future career. The relevatdndards are expressed
in ISO/IEC 17025 and the associated Guide to th@é&ssion of Uncertainty
in Measurement (GUM); the ISO International Vocaylof Basic and
General Terms in Metrology (VIM); and NIST Techhidate 1297 of 1994.

It is important for you to be aware that the tererfor” is often used quite
loosely in conversation in laboratory work, partiady by older persons, but
the word is nosynonymous with “uncertainty”! The term “uncert&yn is
clearly defined while use of “error” is often mislding. The use of the word
“error” in the context of laboratory work is discoaged.

In this section, a number of new words and ternesisiroduced. As you work
through each experiment and report, it is expetted you will refer
constantly to this section and think carefully abetat each of these words
and terms implies, because their meaning is oft¢rthe same as that to
which we have become accustomed in everyday ussefAl site for further
information is:http://Amww.bipm.org/utils’common/documents/jcgm/.

Introduction

The purpose of undertaking a measurement in scisrioeprovide knowledge about
some physical quantity. The physical quantity thatmay wish to investigate
through an experiment is called timeasurand Examples of measurands are the
length of a box or the speed of light in some mediu

It is important to realise that the best that carabhieved through a process of
measurement in science is to improve our knowledgait some specified
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measurand, knowing all the while that the value afeasurand can never be
determined with absolute certainty! We cannot tlohla measurand as having some
“true” or “exact” value that can actually be foumie have to think of the knowledge
that we have of any measurand always as beingelihaihd incomplete.

The measurement process

In Figure 1 we identify the steps that need toabemn when going through the
measurement process in order to determine thersshresult. Thereafter terms used
in the process are explained.

Step 1:

Decide what theneasuranc is (what is to be measured). Then
choose the best instrument available to you far tieasurement
process.

Step 2: l

Use the appropriate instrument to take one or meadings that
will provide sufficient data from which to infer kledge about
the measurand (see Figure 2).

Step 3:

From the reading (or readings) taken, decide omésé
approximation of the value of the measurand

Step 4: A
Consider all the sources of uncertainty in the kiedge of the
measurand that may be inferred from the measurepneaess, and
thenevaluate the uncertainty(see Figure 3).

Step 5: - :
Quote the final result of the measurement process.

Figure 1: The measurement process
Note:

It is quite common for people to refer to “takiagneasurement” when what
they actually mean is “taking a reading”. A readigsimply a number that is
obtained by using and observing an instrument ofessort, which is different
from measurement, which is a process; the outcdmigh is to improve our
knowledge of a measurand.



Taking readings

The following flowchart shows the process that $thdne followed when taking
readings.

Start,
In this low diagram,

Take a single reading, a[_] indicates an action,

a <> mndicates a decision,

and a (C_) mdicates a product.

Are more readings
possible?

Tale another
reading

Two or more readings
exist, which may or may
not be identical

Only a single
reading exsts,

g Are more

readings necessary
and possible?

VEes

Figure 2: Flowchart for taking readings

Deciding on the best approximation of the measurand

In the case where onbnereading has been taken, then that reading ishibst “
approximation of the value of the measurand”. Hawvewheremore than one
reading has been taken, then the “best approximafithe measurand” is most often
the mean (average) of those readings.



Uncertainty

Figure 3 presents an overview of the two GUM apginea TYPE A andTYPE B)
that are used to evaluate the uncertainty in a mneagent process. The detail of these
analyses is covered in the next section of thisuakn

Evaluation of the uncertaintyf
in a measurement.

!

Make a list (seeNotebelow) of all the
sources of uncertainty in the measurement.
This is called an “uncertainty budget”.

8 or more readings. Only one reading.

Yes Do you have a No
set of readings
with ‘scatter’” l
TYPE A TYPE B
analysis analysis
v v

Assume all uncertainties are
‘rolled up’ in the scatter of the
data. (i.e. a Gaussian pdf)

y

Apply a statistical method to
extract, from the data, the

e meand and the
e standard deviation of

the mears(a).

.

Evaluate each source uncertainty
listed in the “uncertainty budget”
separately. (Methods are in the
next section of this guide.)

o u)=..

o Ux)=..

o uz()=..

v

Combine the uncertainties listed in the
“uncertainty budget”:

[ues()]? = [+ [ua()” + [Us()I* + ...

/

Quote the evaluation with two significant figures
(Depending on the nature of the experiment, th
result may be quoted with ossignificant figure.

D

Figure 3: Flowchart for determining uncertaintynieasurement
*Note:
It is never possible to obtain a perfect result wierking through a
measurement process because there are als@yses of uncertainty in the
knowledge that can be inferred about a measurand



Quoting the result (an interval)

A detailed discussion on how to quote the resugiven in the Reporting section of
this guide. There are however some important thirigghich you should take note.

When the uncertainty associated with a measureisigoantified, the outcome of a
measurement defines an intervas you will see in the guide, the outcome of a
process of measurement is written as the (besbajppation + uncertainty).

For example, the value af**may be given as: (9.7900.052) m.g

Note:

You are reminded that an interval is a set of neralwith the property that
any number that lies between the two numbers aefitiie interval is included
in the set of numbers.

You will recognise that the ‘greater’ the uncertgjrthe ‘wider’ the interval that
guantifies the result of the measurement proceddacause there will always be an
uncertainty in every measurement process, the wifithe interval that quantifies the
result of a process of measurement will never lbe!ze

Caution:

The uncertainty in the result of a measuremenbtsan indication of mistakes
that may have been made while working through teasawrement process. If
you are aware of your having made a mistake, tleenshould repeat the
experiment; “Human error” is not a valid source ohcertainty in a result!



A2. QUANTIFYING UNCERTAINTY- TYPE Aand TYPE B

Introduction

The problem being dealt with is to find a systematethod whereby we can start
with data (one or more readings), and then sensilidy knowledge about the
measurand in question. The way in which this isedisrto apply statistical methods
concerning the probability of what the knowledgeyrha. More specifically, the
method involves choosing a probability density tiowe (pdf) that best describes the
knowledge that can be inferred from the data (ghenmeasurement process), and
then applying appropriate statistical calculatiomguantify the relevant uncertainties.

For the purposes of this course however, we willdedve into probability theory or
the details of the different pdf's that may be usedodel our knowledge of
measurands in different situations - we will merglypte the results as we need them.
You are however encouraged to improve your undedgtg of this aspect of
laboratory reporting in your own time.

There are two distinct approaches (see Figure 3)Hgh uncertainties applicable to
a process of measurement are quantified, namely:

e TYPE A evaluation of uncertainty, and
e TYPE B evaluation of uncertainty.

TYPE A evaluation of uncertainty

A TYPE A evaluation of the uncertainty is applicable to tiheertainty associated
with the ‘spread’ or ‘scatter’ in values of a numbéreadings that have been taken in
the course of a measurement process.

No doubt you are familiar with the idea that a ‘Gsian’ is a symmetrical bell-shaped
curve that represents the normal distribution Gfralom variable. It turns out that this
property of the Gaussian (or Normal) probabilitysiey function makes it an
appropriate probability density function upon whiohmodel our knowledge of a
measuranavhere the relevant data is a set of readings withosme ‘scatter’ in the
value of those readings

No rigorous explanation for the above statemegtven in this manual, except that
we illustrate the point by way of an example tovinoe ourselves that the Gaussian
probability density function is indeed an approf&iehoice.



Example to illustrate the choice of the GaussiahnmdYPE A evaluations

Consider an example in which the measurand isintie for you to travel from
wherever you live to the university campus. So thar next 40 trips to the university
you use the stopwatch on your cell phone to detegryour travel time in minutes,
I.e. you take a set of readings.

The data are tabulated as follows:

Table 8.1: Time taken to get from home to campusnjnutes)

17.1 16.9 17.4 16.4 16.8 17.9 1640 18.2
18.1 19.3 16.9 17.4 17.8 17.1 1716 17.8
16.4 17.4 15.9 15.8 17.7 17.38 17/4 16.8
16.6 16.8 17.6 17.4 18.9 18.4 179 17.8
18.3 17.2 18.1 18.7 16.3 17.4 184 16.5

A simple calculation shows that the average tirkertas 17. 4 minutes.
We wish to present this data in a histogram, soméxe step is to draw up a frequency
table (or distribution table). Note that in thisaexple a bin width of 0.5 minutes was

chosen. The choice of bin width is arbitrary andasmally chosen to suit the data.

Table 8.2: Frequency table for data in Table 8.1

Bin (minutes) Number of readings per bin
15.5t0 15.9 2
16.0to0 16.4 4
16.5t0 16.9 7
17.0to 17.4 10
17.5t017.9 8
18.0to 18.4 6
18.5t0 18.9 2
19.0t0 19.4 1
Total : 40

Next we plot a histogram showing how the data &®ibluted over the values of the
readings taken by plotting the number of readirgsijin vs the time interval of bins,
see Figure 4.



Finally, to show that the general shape of theobistm suggests that the distribution
of the data is Gaussian shaped, we superimposed line, shown as the light grey
line in Figure 4.

While this illustration is in no way a rigorous éampation, it should be noted that as
more and more readings are added to the set gfaladahe bin width is narrowed,
the distribution of any set of data of this sorll ¥and towards the formation of a
symmetrical Gaussian distribution.

T *f\ Line shows the general
il \H f/f-” shape of the histogram.
/ | |
/ |
O /| 1=
{ | |
! |
Number of readings . | | |
per bin | |
i | Y
! ks
J R R 7 | 5
/.f
S | %
2 | ™,
- - | .
- - \\.
st | (g
0 |

15.0 16.0 17.0 \1 8.0 19.0 20.0 Time (minutes)
Average iz 17.4 minutes

Figure 4: Histogram of travel times

The Gaussian probability density function (pdf)

Having decided that the Gaussian pdf is a suitptgbability density function by
which to model our knowledge of the measurand, @exlrio consider the
implications of this application.

You are reminded that a probability density funetad a continuous random variable
is a function that can be used to obtain the priibathat the random variable takes a
value in a given interval. Further, when the proligldensity function is portrayed
graphically, the area under the graph (subtendatiéinterval) indicates the
probability that the random variable takes a vahuat interval. The total area under
the pdf (the probability that the value existsphisrefore unity.

The important features of the Gaussian pdf - thedsird deviatiors(d) in particular
- are illustrated graphically in Figure 5.
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0.63 of Max.
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A Area under the curve
subtended by the interval
18 0.68.

Standard dewviation sfd)

The mean ig the best
approximation of the
measgurand.

|
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=

T

L

Feading

Interval

Figure 5: Gaussian pdf showing one standard dewiati

The standard deviatios(d) is defined to be half the ‘width’ of the Gaussat 0.63 x
(maximum of the Gaussian pdf). The equation, Ej.u2ed to calculate the standard
deviation directly from the data, is given in trexhsection.

In this context, thetandard deviationof a set of data is a measure of the ‘spread’ of
the set of readings around the mean of those rgadin laboratory work, the use of
the standard deviation not only gives an accepteaisore of the consistency of the
measurement process that was used in an experimgralso makes it possible to
specify the level of confidence with which the desidi the measurement is quoted.

Of note is that the interval shown in Figure 5, etthis defined by the ‘mean + one
standard deviation’, subtends an area of approrimnat68; which means that the
probability of finding any single reading in thaterval is 68%.

Experiment A

Area under the
curve subtended by

Area under the

Experiment B
curve subtended by —

A the mterval 15 0.68. A the mterval 15 0.68.
pi) pii)
-1 -1
(2 (2
— m (g) — n(g)
eg(83.50+0.12)¢g e.2.(83.500 =0.060)g
Larger 'spread’ in data gives Smaller "spread' in data gives
'wider' Gaussian and bigger std) narrower’ Gaussian and smaller sid)

Figure 6: Effect of spread in data on standardatens(d)
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From the example given in Figure 6, it can be $hahwhen the spread in the data is
relatively large, the applicable Gaussian probighiensity function will be relatively
wide; meaning that the standard deviasd) will be a relatively large number.
However, when the spread in the data is relatisetgll, the applicable Gaussian
probability density function will be relatively nmaw; meaning that the standard
deviations(d) will be a relatively small number.

How to do alTYPE A calculation of the uncertainty associated witketacd readings

Having decided that the uncertainty in the measar¢roan be represented by a
spread in the readings and that the spread iretddins ‘fits’ a Gaussian probability
function, there are three parameters requiredltulede the uncertainty in the
measurement.

e The first is thenean d
e the second is thetandard deviation, s(d) ,
e and third is thestandard deviation of the mears(a).

The reason for using tistandard deviation of the meanin the final result is beyond
the scope of this course, but consider that ifhele experiment were repeated a
number of times, then the spread in the meanseatkfrom each experiment would
also be represented by a Gaussian probability fyefasiction with a new width
related to thetandard deviation of the mean Since the mean is quoted as the best
approximation, the uncertainty quoted should a¢date to the mean, and not to a
single reading.

The following equations are used to calculate #@essary parameters:

— - 1
Mean (average}l of the data d :NZ d (1)
i=1
- 1 & —\2
Standard deviatiog(d) s(d)= \/— (d-d) 2)
N _1 i=1
- — - s(d)
Standard deviation of the mes(d ) s(d)=—= 3)

N

whereN is the number of readings addis thei " reading.
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Example:TYPE A evaluation of uncertainty associated with a setaté

Consider an example in which the measurand isehegT of an oscillating
pendulum. A stopwatch has been used to take teimgsaof the time taken for
twenty oscillations of the pendulum.

Table 9.2: Data recorded using digital stopwatch

Time for 20 oscillationdo (S) Period, T =T»y/20 (s)
19.43 0.9715
20.49 1.025
20.76 1.038
20.63 1.032
20.56 1.028
21.65 1.083
20.82 1.041
19.77 0.9885
20.39 1.020
19.02 0.9510

Figure 7: A set of readings for TYPE A evaluatidruacertainty

Using Eq. (1), thenean d is 1.0176 s. Because this measurement involved more
than one reading, the mean is the best approximafithe measurand; in this case,
Tscatter = 1.0176 s.

Using Eq. (2), thestandard deviation s(d) is 0.0379 s. However, this is not the
parameter used to quote the uncertainty assocstedhe spread in the data. For that

we still need to calculate the standard deviatibthe mears(a).

Using Eq. (3), thestandard deviation of the means(a) is 0.0119 s. This is the
standard uncertainty, U(Tscatte) = 0.012 s.

The result of this measurement is that pefiiaaf the pendulum is (1.018 £ 0.012) s.
Note
As a general rule the uncertaint{Tdcate) IS quoted to two significant figures

and the best approximation of the measuraggqd: is written with the same
number of decimal places as the uncertainty.
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TYPE B evaluation of uncertainty

It has need noted that whenever a set of datadesrecorded and there is a ‘scatter’
(spread) in the set of data, a TYPE A evaluatiatoise; however, in every other case,
aTYPE B evaluation of the uncertainty is applicable.

Because of the very many different circumstancekeuwhichTYPE B evaluations
are applicable, there are many different probagbdénsity functions (pdf's) by which
it is possible to model our knowledge of a meastiréins beyond the scope of this
course to delve into the theory and use of theskaility density functions, so once
again, the results of the application will be uasdand when necessary.

In the methods described below, we will concentoat@valuating just two sources of
uncertainty, but it is emphasised that there aneynoéher methods that may be used.
We concentrate on:

e Evaluating the act of actually reading a scalegalal, display or rule) as
a source of uncertainty, and

e Evaluating the instrument rating as a source oértamty.

Uncertainty associated with reading the displag dfgital instrument{YPE B)

Consider an example in which the measurand is d@sesmof a piece of metal. A
scale with a digital readout is selected to deteenthe mass and when the piece of
metal is placed on the scale the reading showmgur€ 8 appears on the display:

Figure 8: Reading on a digital display

This is the only reading that can be taken in téssurement process because any
repeat of the procedure gives the same readindpesdisplayed reading is the best
approximation of the measurand; in this case 88.36

As has been noted earlier, the formal way of evalgdhe uncertainty associated
with this reading is to identify an appropriate lpability density function to model
the knowledge that can be inferred about this nreasu However, the use of
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probability density functions is a fairly technigabcedure and so we will apply a
much simpler, straightforward way in which to quinthis uncertainty.

Simply consider that the value of the measuramstmewhere between 83.35 g and
83.37 g, and so the uncertaintym) associated with this measurement is therefore
0.01 g. And if we considered taking of the readisghe only source of uncertainty in
this measurement, we would quote the result optbeess as “the mass of the piece
of metal is (83.36 £ 0.01) g.”

Note:

As a general rule, the uncertaint{my) should be quoted to two significant
figures. However, it is acceptable where approm@jad make a ‘common
sense’ decision and to quote the uncertairftg) do one significant figure, as
in this caseClearly the instrument cannot infer any informatioeyond the
second decimal place.

Uncertainty associated with reading the scale cirmlogue voltmetefM{YPE B)

Consider an example in which the measurand isaliage V across a torch battery.
An analogue voltmeter is chosen to determine thimge, and when the leads of the
voltmeter are placed across the battery the reahogn in Figur® appears on the
display of the voltmeter:

RRRLLRLLS Rl F 7
\\\\ 0 e /1,

/
\\\ V 6’7

7 —— T

Figure 9: Reading on an analogue display

Once again if any repeat of the procedure givesainee outcome, we decide that the
displayed reading is the best approximation ofmleasurand; in this case 1.55 V.

The uncertainty being evaluated is the uncertassociated with the reading of the
scale only and, once again, we will use a ruléofrib to quantify that uncertainty.
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Simply consider that the value of the measungnd is somewhere between 1.5V
and 1.6 V, and so the uncertaintfVyat) associated with this measurement is
therefore 0.05 V. And if we considered taking of tkading as the only source of
uncertainty in this measurement, we would quotaélsalt of the process as “the
voltageV of the torch battery is (1.55 + 0.05) V.”

Caution:
It would be a mistake to assume that wheneveadimg is taken, that the

uncertainty associated with that reading is simpdf of the width of the
graduation on the scale of the instrument; as ydusee in the next two
examples.

Uncertainty associated with reading the scalemfasure gaugd ¥ PE B)

Consider an example in which the measurand isssprep. A typical bourdon tube
gauge is used to determine the pressure, andaldengeshown in Figure 10 appears
on the dial of the pressure gauge:

Figure 10: Reading on a pressure gauge

In this case it is necessary to exercise judgementit the reading. If this is the only
reading that can be taken or any repeat of theegoe gives the same outcome, it is
reasonable to say that it is the best approximatidhe measurangheaqs = 34 kPa.

But what about the uncertainty associated withrélaeling? It is inappropriate simply
to say that the reading is between 30 kPa and @85WRich are the graduated points
on the scale. It is much more reasonable to estithatt the value of the measurand is
between 33 kPa and 35 kPa, which means that tletamtyu (peaq) associated

with this reading is 1 kPa.
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When considering only the uncertainty associatet reéading the dial of this
pressure gauge, the pressprenay be declared to be (34 + 1) kPa.

Uncertainty associated with reading a metre sfickRE B)

Consider an example in which the measurand isffeete length L of a pendulum.
Note that the measurand is not the physical leafthe pendulum, but the effective
length upon which the period of oscillation of grendulum depends.

Imagine that the pendulum is made up from a lomgritd with a pivot at one end
and a ball fixed at the other. The effective lengtthe pendulum is given by the
difference between the positions of the centre a$srof the ball at one end, and the
centre of the pivot at the other, which means ithatnecessary to make two position
measurements.

A metre stick is selected to determine the lengtim® pendulum and once the zero of
the metre stick is lined up with the pivot endlué pendulum, you see the following:

0 1 2 / 85 66 67 68 C?
|HHHH|HHHH\|\H mluuuulmuu\Iumuulmw

Pivot end

Effective length Ball end

Figure 11: Reading on a metre stick

As with every analogue instrument, the user ma hawleal with the question of
parallax and in this case it may be a significamitabutor to the uncertainty
associated with the two measurements. Moreover ikealso some uncertainty as to
where the centre of mass of the ball might actuadlyas can be seen in Figure 11.

17



After taking due care, it may be decided that tbst lapproximation of the position of
the ball end is 664 mm. Now, given the practic#fidilties of taking this reading, it
would be unreasonable simply to assume that théigosf this end is somewhere
between 663 mm and 665 mm. A far more likely assess would be that the
position is somewhere between 661 mm and 667 mdhsarhe uncertainty
associated with this position measurement is tbeee3 mm. The result of the
measurement of the position at the ball end issthee (664+ 3) mm.

The best approximation of the position of the piend is 0 mm, and a reasonable
estimate of the uncertainty associated with th&tpmm measurement is 2 mm. The
result of the measurement of the position at thetpnd is therefore (8 2) mm.

The effective length of the pendulum is given by tlifference in the position
measurements of the ball and pivot ends. i.e. 6d4rd so the best approximation of
the measurand is 664 mm.

Now you have two uncertainties - both as a reduh@reading of a scale —and it is
necessary to fine the combined uncertainty. Compbinncertainties is dealt with in

more detail in the next section of this manual, ibig important to note that these
uncertainties are not added together algebraidalityin quadrature (see Section A3):

u (L)=+3%+2% mm.

The combined uncertainty is therefore 3.6 mm andkifquote this result to one
significant figure, we have a final result for tmeasurand df = (664+ 4) mm.

Uncertainty associated with an instrument ratihfPE B)

Apart from the uncertainty associated with the akteadings taken from instrument
scales, dials and displays, an important contribitdhe combined uncertainty
associated with measurement is the uncertaintycadsd with theating of the
instruments themselves.

Manufacturers of instruments that have been cdéldreo some standard will always

state the rating” of the instrument by specifying the uncertainsgaciated with the
instrument as a percentage of whatever readinggeiment is displaying.

18



The oscilloscopes that are used in the Courseorbry have a rating of:

e 5% on thex —axis (when set for a time-base betweeny® and 50 ms per
division),

e 3% on they —axis (when reading an input voltage between 5 my&aN per
division).

Consider an example in which the measurands angettied T and the amplitud¥
of a sine wave produced by a sighal generator.ctmunect the signal generator to an
oscilloscope and you see on the screen the wawensimoFigure 12:

/ \: Oscilloscope settings:

HHHH A X -axis to 0.5 ms/DIV.
v -axis to 1.0 V/DIV.

Figure 12: Reading on an oscilloscope

After careful consideration, you decide that theqoespans 7.6 divisions, and so the
best approximation of the period is 3.8 ms.

Likewise for the voltage, where the peak-to-peakage spans 5.8 divisions, the best
estimate oW, is 5.8 V.

Now there are two sources of uncertainty to comsithe uncertainty associated with
the reading of the display as wellth® uncertainty associated with the instrument
rating.

a) The (TYPE B) uncertainty associated with readiofjthe oscilloscope display:
You may decide that the uncertainty associated thi¢treading of the display is
0.1 of a division for both the- and they —axis. In this case, the uncertainties
associated with reading the display are:

U( T read) 0.1(0.5)
U( Vppread = 0.1(1.0)

0.05 ms.
0.1V.
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b) The (TYPE B) uncertainty associated with the ratiigthe oscilloscope:
Using the specified instrument ratings, the undetitss associated with the
instrument ratings are:

U( Traing) = 0.05(3.8)
u( Vop rating) = 0.03(5.8)

0.19 ms.
0.17 V.

The method used wombine these uncertaintiess discussed in the next section of
this guide.

A3. COMBINING UNCERTAINTIES

You will be aware by now that there may be manyses of uncertainty that may
affect the result of a measurement, and this sectidche guide considers how, once
all the uncertainties associated with identifiedeass of a measurement have been
evaluated, they are merged to giveombined uncertainty.

Note that the combined uncertainty of a measuremseardt simply the arithmetic sum
of each of the uncertainties, but rather is the oddhe sum of the squares of the
respective uncertainties. For completeness, ibiwnoting that it does not matter
whether an uncertainty was initially evaluated bing aTYPE A or aTYPE B
evaluation of uncertainty; they may all be combimnethis way as may be required in
more complex measurements.

The uncertainty budget

It is customary to show all of the uncertaintieatthave been identified and quantified
in @ measurement process in a table, which isrexfdo as theincertainty budget,
an example of which can be seen in Figure 13.

Table 9.1: Uncertainty budget for the single voltmeter reading

Source of uncertainty Standard uncertainty (volts) Type of evaluation
UV bgstery ! 0.05 TypeB
uv 0.05 Type B
UV g ! 0.031 Type B
Combined standard uncertamty: u_¢7J = \/( 0.05 ¥ +( 0.05 ) +(0.031)° = 0.077 volts.

Figure 13: Example of an uncertainty budget
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The data shown in Figure 13 comes from the exatmalewas used to illustrate a
TYPE B evaluation of the uncertainty associated withrdeling of the voltmeter
shown in Figure 9. In that case, the best appratimaf the measurand,,; was
1.55 V, and the uncertainty(Vpat) associated with the reading of the scalevigr
was 0.05 V.

Added to the uncertainty budget, as shown in Figu®és the uncertainty associated
with the ‘zero’ readingi (Vzero) , Which is assumed to be the same as that for any
other reading on the instrument, as well as theuamty associated with the rating
of the instrument. In this case, the manufactuféhe voltmeter had specified the
rating of the instrument to be 2%, which is a tgbiating for moving coil
instruments, so the uncertaintyViaing) associated with the rating would be:

U(Vrating) = (002)(155 V) = 0031 V

General formula for combining uncertainties

Where each of the uncertainties associated witke@snrement process to determine a
measurand have been identified and evaluated aiergl equation for combining the
uncertainties is as follows:

u (k) =y[u (T +[u(RB] [ u( B @

where the measurand is some quarkityand the sources of uncertainty were
identified and quantified givingi(k), ux(k) andus(k). Thecombined uncertaintyis
uc(K).

It should be noted that for any one measuremermgss) there is no limit to the

number of sources of uncertainty that may be ifiedti evaluated, and then
combined in this way.
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SECTION B - ANALYSIS

B1. DRAWING GRAPHS

Linearising equations to simplify graphs

One of the aims in investigating physical phenomera establish the relationship
between the variables that are being measured.

For example:

If we were investigating an object that is expeciag uniform acceleratioa
then we will find the function describing the réteitship between velocity
and timet to be a straight line of the foryn= mx + ¢

In this case v = at + u where u is the initial velocity

On the other hand, the relationship between théipos and the time will
be of the formy = aX + bx + c, i.e. a parabola.

Inthis cases =% af + ut + 5, where g is the initial position

Clearly, the straight line is the simplest formatmalyse. It is much more difficult to be
sure that a particular shape is indeed a para@digperbola, a log or an exponential -
and then to find the constants that will allow aswite an equation relating the
variables — than it is to analyse a straight line.

For this reason we try to plot the recorded dathenform of a straight line, a process
known as “linearising”. We then use this “linead$@lot to determine the
dependence of the variables on each other.

For example, the quadratic equation
s = Y%at+ ut,

is easily linearised by dividing throughout byt # 0 ) to give

slt= YL at+ u.

22



General rules for plotting a graph

e Use a pencil!

e When asked to plot the graph of $ays Q, it means thaP must be on the
vertical axis ¥ - axis) andQ must be on the horizontal axis-(axis).

e If it has not been specified as to which varialileldd be on which axis (as in
the case of “ploP vs Q") then the dependent variable should be on the
vertical axis y - axis) and the independent variable should bénernbrizontal
axis - axis).

e Each graph must have a caption (title) describihg you plotted the graph.

e Each axis should be labelled with the name of Hréable_andhe units.

e Choose appropriate scales on the axes so thatdapl will not be too small,
but will cover a fair portion of the page in eadtredtion.

e Use a® orx for the data points, and no®a(blob).

e Decide whether or not each axis should start frero £it is not always
necessary to show the origin).

e Axes should be marked in scaling factors of 1,, r3hese to powers of ten.
Scaling factors such as 3 or 4 usually make thieschfficult to read and
should be avoided.

Drawing a “Best Fit” by hand

You will often be asked to draw the line of “beist by hand. The line that you have
to draw is your best, reasoned guess by eye abdbthe “best fit” may be.

An example is shown in Figure 14.

Remember, the “best fit” has to model the trehthe data points; your graph should
not join the points! The “best fit” may not even tiwough any of the data points.

Don't force your line through the origin if you ttk that the intercept should be zero
— remember that it's a best fit to all the datanpot and if the origin is not a data
point, it shouldn’t affect your choice of the “bést at all.

| mportant:
When determining the slope m of the “best fit” Jide notuse data points to

find 4y and4x, but choose co-ordinates on the lioedo the calculation.
Remember that what you need to find the slopeedtibst fit” line, not the
slope of a line between a pair of specific datanpsdi
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Ficure 1.2: Graph of extension of the gpring versus
magg attached to determune the gpring constant

/}/ m oz =
AX
0.20
Extension /
(m) sy

[
0.10 } //

/ %
0.00

0.00 0.02 0.04 0.06 0.08 0.10 Mass (kg)

Figure 14: Example of a graph with a “best fit"din

Uncertainty associated with the “best fit” by eye

It is important to note that when a “best fit” isree by eye, there is a simple way to
get a rough estimate of the uncertainty associatédthe line you have chosen.
Simply consider what the valuesmfandc would be if you had chosen reasonable
“minimum” and “maximum fits”, as illustrated in Rige 15.

Ficure 1.3: Graph of extension of the spring versus
maszg attached to show minimum and maximnun best fit.

Extreme 'best fit' with
maziinmun ‘m" and maydnnun ‘¢’

0.30 <~ 2
0.20 / et i1 o
) Extreme "best fit' with
Extension minimm "“m' and maxinum 'c’'

(1} =
0.10 //

\

0.00

. )
0.00 0.02 0.04 0.06 0.08 0.10 Mass (k)

Figure 15: Estimating uncertainty associated wigh‘best fit”
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To evaluate the uncertainty associated with thievhich was determined from the
best fit line, we will use a simple rule of thuniketermine the extreme minimum
‘Mmin’ and the extreme maximummyay from the graph, and then let the uncertainty
u(m) associated with the best fit be equal to halfdifference between the two
extremes:

u(m) = 2| Mmax- Mmin| -

B2. METHOD OF LEAST SQUARES

Since straight line graphs are convenient and itapoin data analysis, there is a
better way to find the slopa and the intercept of a line that is the “best fit” of a set
of data. The procedure for calculating these vaisitise method of least squares. The
method of least squares provides the values fosldpem and the intercept, as well
as the associated uncertaintigs) andu(c).

Given a set of data pointsx(,yi) that represent a straight line relationship,slope
and the intercept of tHbest fit” line can be determined by the followiequations:

. N Xy = > x>y
T - ()

IR DR ARDRE P
- (Z)

and the uncertainty associated wittandc, um) and u(c) respectively can be
determined:

Where  d, =y —(mx+ ¢
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A computer is generally used to do the least sguzateulations and this facility is
available on computers in the Physics Course | tatboy. When a computer is not
available, it is easy to use your calculator amdefuations given above. Section D of
this guide also gives the instructions for some wm calculators to perform these
calculations.

B3. UNCERTAINTY WHEN RESULTS ARE CALCULATED

Often, having completed two (or more) measuremsentgsses, where the results are,
sayAx u(A) andBzx u(B), you need to use the results of the measurenectdculate
some other value, s&and its associated uncertainiiR).

We will not derive the general formulae given igiiie 16 for dealing with this
problem as they involve the use of partial deregiwhich you will meet in your
mathematics course. We do caution however, thattkbertaintyu(R) of the
propagated (calculated) value dR is notsimply the sum of the uncertaintiegA)
and u(B).

Form of equation from which result R is Formula for calculating the standard
calculated uncertainty (R)

[u(R] =[au AL +[ by BT

R=aAt+ bBt ¢ or

u(R)=[ au AT +[ by B

2] -]

R=ckPB or

oo o[ 5]

(Coefficients a, b & ¢ are numbers with zero uncertainty)

Figure 16: General formulae used in propagatiomnakrtainties

Note that it is sometimes necessary to consideeffieet of correlation of uncertainties — as whwea t
same instrument is used twice in the same expetimbafore propagating an uncertainty as a re$ult o
a calculation. Ask the lab demonstrators about this
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B4. COMPARING RESULTS

The results of any two measurement processes dam@meaningfully compared if
the intervals associated with each of the measurenage known. More specifically:

e |Ifthe intervals that represent the results of measurement processes
overlap, then the two resultagree within experimental uncertainty.”

e |Ifthe intervals that represent the results of measurement processes do not
overlap, then the resultsd not agree within experimental uncertainty”

For example, three groups in the laboratory meathar@eriodl of a pendulum. The
result, i.e. the best estimate and the standarertaioty, quoted by each group is as
follows:

T, = (5.73+ 0.41) s
T, = (5.62+ 0.10) s
Ts = (6.28+ 0.25) s

It is a good idea to then represent the three mea®nts in the form of intervals on a
number line:

52 53 54 55 56 57 58 59 60 61 62 63 64 65 T(9)
| | | [ | | | [ | | | I

T | Vi |
1 [ N |
T2 l_x_|

T3 '

X

Figure 17: Comparison of results

The intervals associated with andT, overlap, and therefore it can be said that
“these two results agree within experimental uraety”. The same can be said about
the intervals associated wilh andT; (i.e. that they overlap and the results agree).

However, the interval associated with does not overlap with the interval associated
with T, and therefore these results “do not agree wekperimental uncertainty.”

Note:
This is the onlyneaningful way to compare two measurements orethdts
of calculated measurands!
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If you do not know the interval associated withlea€two measurement processes, it
is not possible to compare the results, no matier ‘eclose” or “far” they seem to be
to each othefTo say that two things are “nearly the same” is meaingless in the
context of laboratory work!

Comparing experimental results with “book” values

You may have occasion to decide whether or not yeeasured value for a quantity
agrees with the generally accepted “book” value.dx@ample, in an experiment you
may have measured the Universal Gas Confémtbe 8.341 0.054 J K mol™.

You look in a textbook and see that the value gitene is:

8.31451(72) J K mol™.

The seven and two in brackets indicate that thevas digits (51) have an
uncertainty of 72 associated with them; in otherdspthe “book” value is:

(8.31451+ 0.00072) J K mor™.
It is clear that the accepted “book” interval oapd the interval that is the result of

your measurement process, therefore you can shydha‘“result agrees with the
accepted “book” value within experimental uncertgin
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SECTION C - REPORTING

Cl. COMPONENTS OF THE LABORATORY REPORT
There are many acceptable ways to structure adédorgrreport and each possible
component of a report listed below need not hasewn heading - some components
can be combined with others — but all of these ammepts should be covered in the
report.

e Title, Author & Partners (where applicable) and Date

e Aim: Prepares the reader for what he or she is abaead.

¢ Introduction and Theory: Provides the theoretical underpinning of the
method used and the underlying physics.

e Apparatus: Describes the apparatus used.
e Method: Describes the procedures followed.
e Data: Presents the readings taken - generally in tabMhout analysis.

e Graphs and “Best Fit” Line: Presents information derived from the data.

e Calculations: Shows all relevant calculations to determinertdsault.

e Uncertainty Analysis: Shows the calculation of the uncertainty in theiltes

¢ Interpretation, Discussion and Conclusion Explains the findings.

C2. WRITING THE LABORATORY REPORT

Purpose of the report

The purpose of a laboratory report is to commueitla¢ aim, process and result of an
investigation to an outside audience. It is a réadryour direct (“hands-on”)
experience in the laboratory. In most cases, agbaeinvestigation is considered to
be incomplete without a report.
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By synthesising (putting together) the differermexgs of your laboratory experience
in a structured and coherent report, the essengeurfinvestigation becomes clearer
in your own mind. In the process, you develop yskills of reasoning and ability to
communicate in writing.

Title of the report

The title must be short but factual and descriptitemust summarise the major
aspects to be dealt with in the report. The keydsarsed in the title will often come
from the laboratory task that has been set andchged to identify these.

Aim

Often you will be asked to carry out an investigatin order to determine some
guantity or to investigate some behaviour. If tkdhe case, state as clearly and as
concisely as possible what it is that is to be oheiteed, or what behaviour is to be
investigated.

Introduction and Theory

This component of the report is to give the reddertheoretical underpinning of the
method used in the experiment. Any relevant theasually expressed in the form of
equationsshould be included in this section. Note thatttie®ry given here lays the
foundation for the later interpretation, analysisl @iscussion of the data that was
collected during the experiment.

Apparatus

This component of the report is to give the readelear, concise description of the
apparatus used in the experiment. Make neat, é&bsketches in which salient
features of the apparatus are highlighted. Whepeoggpiate, state what the function
of the apparatus may be. It is not necessary to shioor details like knobs on
instruments and the precise shapes of ancillargdaxd stands.

Method

This component of the report briefly describesyanr own words, the procedures

that were actually followed when doing the expentéDo not simply rewrite the
laboratory instructions in past tense) Note that this includes the procedures used to
obtain data as well as to analyse that data. Wkeipropriate, give a reason for
each step you took in a procedure, e.g. if youriaito measure the force constant of
a spring you could include a statement of the fargraph of T vs/M was plotted
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and the force constant of the spring was determfred the slope of the graphDo
not omit any significant steps and note that théhoekas you have described it lays
the foundation for your discussion and analysis ihto follow.

e |Itis preferable to use an impersonal style wheitingrthe method: i.e.
“Five measurements were recorded”, and not “l tinek measurements”.

e Write in the past tense: i.e. “This was done, titreth was done” ndtDo
this, then do that”, as if you were presenting@pe

Data

This component of the report records a key pathefexperiment and careful
planning is needed to present the data clearlysandibly. The data is usually
presented, without comment or analysis, in tallables are to be numbered in
sequence e.g. Table 1, Table 2, etc., and eadhhablto have a title (e.gable 1:
Measurements of the width of the cylinder)

Calculations

This component of the report shows any relevamutations that you have made.
These may be calculations required to generatenretion to be graphed or recorded,
or they may be calculations done to extract infdromafrom data. In any event, the
nature and purpose of doing the calculation shbaldhade clear to the reader. When
doing calculations, remember to quote appropriates @and significant figures.

Graphs and “Best Fit” Line

A picture tells a thousand words, and this is ftisfcomponent of the report is central
to the successful communication of your findingsajghs are to be numbered in
sequence e.g. Graph 1, Graph 2, etc., and each bgespto have a caption which
describes the purpose for which it has been preddetg Graph 3: To determine the
viscosity of the sample of pil

Uncertainty Analysis

The determination of the uncertainties associatiéu measurement and the derived
results is a critical aspect of laboratory workiéthat the concepts in this section are
not simple and it will take more than a cursoryngkaat this manual every so often to
come to terms with this work.
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Interpretation, Discussion and Conclusion

These components of the report are used to prasdndiscuss your results. In the
interpretation and discussion, you are expectebldw all the components of the
report together.

For example, if your aim was to measgrgou should state the outcome of the
experiment clearly such dthe measurand g was determined to be (9.7890052) m
s, and then discuss how this result compares wéttetpected “book” value.

You may give explanations for your results but deetul not to mix facts with
opinions. Avoid meaningless phrases such as “Ths avsuccessful experiment” and
“... was caused by human error.”

Finally, you are required to comment on the factbes may have contributed to the

uncertainty in the quoted result, and you needitmsst changes that could be made
SO as to improve the outcome of the experiment.
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C3. TABULATING DATA

Whenever you take a set of readings, record themgings in a table. Here are key
points to consider when doing so:

(i)

(ii)

(iii)

(iv)

Plan your tableespecially how many columns and rows you willchee
Remember to include columns for the results ofudations. You may also
sometimes repeat a reading a number of times amdcticulate the mean of
those readings.

Each table must have a titdéhich should reflect your reason for recording the
readings. If you use more than one table in yopomg number them Table 1,
Table 2, etc.

Each column must have a headanyl appropriate unitsThe units should be
included with the heading and not written alonggdeh reading in the table.

Record the readings carefully. Remember efcample, that writing 36.0 cm
and 36 cm is not the same (See RECORDING SIGNIFICANSURES). In
the first case you are reading to the nearestmatiie, while in the second
case you are only reading to the nearest centimetre

Tile _______, Taple 1: Readings taken to determine the splomstant

Headings wit
units

Applied force |F Extension of springx X Spring constal
- (N) (mm) (mm) | k=F/x (Nnt)

0.100 41 41 42 41.3 242

0.201 82 83 82 82.3 2.44

0.298 126 129 128 127.7 2.33

0.400 160 159 163 160.7 2.49
NS N/
Readings Calculations

Figure 18: Example of a table
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C4. RECORDING SIGNIFICANT FIGURES

What are Significant Figures?

The number of figures that convey meaningful infation (in a recorded datum) is
known as therfumber of significant figures” of that datum.

Significant figures in a number are:

e All non-zero digits (e.g. 54 has two significangitk while 456.78 has five
significant digits).

e All zeros appearing anywhere between two non-z@itsde.g. 302.05 has
five significant digits).

e Alltrailing zeros, where the number has a decipmnt (e.g. 36.65000 has
seven significant digits).

e Leading zeros are nsignificant (e.g. 0.0003 has only one significgnre).

Do not confuse significant figures with decimalqda. The number of decimal places
refers to the number of figures after the decineahip (E.g. 46.320 has five

significant figures, but three decimal places; @liil0040 has two significant figures,
but four decimal places.)

Rounding off significant figures

You will often need to round off your calculatiotwsthe correct number of significant
figures. The general rules for rounding off are:

e The last significant figure to be retained remainaltered if the next digit is
less than 5 (e.g. 3.434 rounds off to 3.43).

e The last significant figure to be retained is irased by one if the next digit is
greater than 5 (e.g. 3.436 rounds off to 3.44).

e The last significant figure to be retained may remanaltered or be increased
by one if the next digit is equal to 5. Note tHastis not a hard and fast rule
and you are free to choose whichever conventionpyefer. One choice is to
round in such a way that the last digit to be retdiis even.

e Don't do a double round off (e.g. rounding 3.4348 0 three significant
figures becomes 3.43; don’t round 3.4348 to 3.48bthen to 3.44).
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Recording significant figures

When taking a reading (datum), the number of sicguiit figures to be recorded is
determined by the precision of the instrument dwedatbility of the observer to use the
instrument. You should strive to record as mangifigant figures as possible, but it
is incorrect to record a reading to more signiftdegures than can be determined
from the instrument.

For example, if the scale on a particular instrunmeakes it possible to read a mass to
1/10" of a gram, then it is incorrect to record the regaf some mass to 1/100f a
gram. For example, a recording of say 12.4 g oh amcinstrument may be correct,
but a recording of 12.40 g taken from that instrome certainly incorrect! Such a
recording is beyond the capability of the instrumen

Similarly when using a metre rule to measure deagou can only take readings to
the nearest millimetre. For example, you may rec¢oodrectly) the reading of a
distance as say 127 mm, but a recorded reading©0Inm will be incorrect because
that degree of precision cannot be achieved whieig @asmeter rule.

Avoid creating false precision through calculation

It will sometimes happen that you have to use regglrecorded in a table in a
calculation. The answer that you get on the caloulaill generally give many more
significant figures and/or decimal places thanrtmbers you used in the first place.
This is known as creating ‘false precision’ throwgtculation.

When doing such a calculation, you should be awseit is incorrect to generate a
number that has more significant figures and/oirdatplaces than those with which
you started out. Note that this is not applicabfemwyou have to calculate the average
of a number of readings! An average may have mgrefigant figures than the
readings (see Figure 18 for example).

For example, if you were to combine two readinga talculation where one reading
is recorded to say three significant figures and t@cimal places, while the other is

recorded to say six significant figures and onardaktplace, the answer that you get
from the calculation must be rounded off to thest@ase. See examples that follow.

35



Examples:

Addition (or subtraction):

If we add a mass of 2004 kg (i.e. read to the medré&g) to a mass of 83.61 kg (i.e.
read to the nearest 0.01 kg), then:

2.004 x 1C kg
0.08361x 10° kg

sum: 2.088 x 10 kg
Note that the precision of the result of the caltioh cannot be better than the
precision of the least precise reading involveel the 2004 kg mass measured to the

nearest 1 kg in this case).

Multiplication (or division):

Suppose we obtain readings for the lengths ofittes ©f a rectangle and find them to
be 10.2 cm and 15.6 cm respectively. Then the @irdae rectangle is 10.215.6 =
159.12 crf. But are all five figures of the answer signifitaCan we multiply two
numbers, each having three significant figureslain an answer with five
significant figures?

Clearly this cannot be the case. The conventiomwheltiplying numbers of
different significant figures is that the resulbshd be quoted with the number of
significant figures equal to the number with theskesignificant figures (i.e. 159 ém
in this case).

¢ If we have calculated a velocity from a time readuf 2.357 s (4 significant
figures) and a distance reading of 25.3 m (3 sicgmit figures) then our

answer must be quoted as 10.7 h{3 significant figures).

e Multiplying two readings, 1.23 10° and 1983.3, gives 2.441C° (try it).
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C5. QUOTING A RESULT

When quoting the result of a measurement processhgve to provide the following
information:

e The measurand (what was measured?),

e The best approximation of the measurand,

e The standard uncertainty,

e The units of the measurand,

e The level of confidence with which the result ioted.

Quoting the result using one standard deviation

In general, when one standard deviation is usedltulate the uncertainties in a
measurement process, there is a probability of @@ that the value of the
measurand exists within the intervak u(A) , whereA is the best estimate of the
value of the measurand angR) is the combined standard uncertainty.

For example, the result of a measurement in whielmieasurand was the mass of a
piece of metal may be quoted as:

m = (83.45+ 0.34) g (with a 68% level of confidence),

meaning that the best estimate of the mass ofidve pf metal was determined to be
83.45 g with a standard uncertainty of 0.34 g alel/@l of confidence of 68%.

In other words, there is a 68% probability that itiess of metal falls in the interval
between 83.11 g and 83.79 g.

“... the mass of the piece of metal was determindaetd83.45+ 0.34) g with
a level of confidence of 68%".

Quoting the result using two or three standardat®ns

In this course we will quote all results using etendard deviation, but it is common
practice for laboratories to quote results using tweven three standard deviations,
in which case the quoted level of confidence walldibout 95% and 99% respectively.

For example, if a result is quoted with a levetohfidence of 95%, then you know
that the uncertainty was evaluated by using twodsted deviations.
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Quoting the number of significant figures in theariainty

It is common practice to quote the uncertaintyhia tesult of a measurementtizo
significant figures. However, each of the significant figures quotethm result
should carry a practical meaning in that they haveonvey to the reader a sense of
the care with which the measurement has been ctetluc

In your Course | laboratory work you are therefexpected to quote the uncertainties
in the results of your measurements to two sigaifidigures unless doing so would
create the impression that the result of the measent is more precise than in fact it
is (e.g. TYPE B evaluations from analogue scales).

Finally, once you have rounded the standard unogytaff to two significant figures
(or one significant figure as the case may be),heve to round off the best estimate

to the same number décimal placesas the uncertainty.

Quoting the result using fractional (%) uncertainty

It may be convenient on occasion to express thwlatd uncertainty(A) as a

fraction of the best approximation of the measurandhus, we may sometimes refer
to thefractional uncertainty given by u(A) / A or to thepercentage uncertainty
given by ((A) / A) x 100 %.

For example, if the quoted result of a measurensg(® 60+ 0.32) units, then the
fractional uncertainty is 0.32 / 3.60 = 0.09 &mel percentage uncertainty is 9%.

This form of quoting uncertainty is commonly ussdntanufacturers of electronic
components where the uncertainty in the quotedevialgalled the “tolerance” and it

is quoted as a percentage of the nominal valubeotdmponent. For example, if the
value of a resistor is given as 2Q0with a tolerance of 5%, it means that the value of
the resistor is (220£1X).

Caution:

This form is quoting the result is not always valil user discretion is
advised. Say you have completed a measurementaaedietermined the
result to be (0.00 £0.15) units. Then to quoterdmllt using fractional
uncertainty would be quite meaningless.
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SECTION D — USING COMPUTERS AND CALCULATORS

D1. USING EXCEL

(All of the following instructions are based on Ek2003, as running in the Course |
Lab.)

Tables with Excel

Initiate Excel by clicking on the Excel shortcut ihhe computer’s desktop. If you
want to change the width and height of cells, hggdttlthe cells and then use
FORMAT , ROW, HEIGHT andFORMAT , COLUMN , WIDTH to change their
sizes.

To add headings (and units) to columns, click enall and TYPE as you would
normally do. Unfortunately one can’t produce supepss and subscripts in Excel, so
one needs to use thesign to indicate power of a unit, and the _ sgdénote a
subscript. Your data is entered in the same way:glick on the cell and enter the
value.

If you want to get Excel to do a calculation justicon the cell where you want the
answer to go, and TYPEfollowed by the required mathematical expressian. F
example, if the value in the particular cell isabed by multiplying the value in cell
C3 by that in D3 just TYPE = C3*D3 (in fact, you can just TYPE, then click on
cell C3, TYPE*, click on D3 and hit the enter key). In Excel, thr@ymbol is used to
indicate multiply, the / symbol divide and the ‘hdyol “raise to the power”.

It is very easy to apply the same formula to tls o# the cells in a column; just select
the cell with the formula in it, click on the bomttoright hand corner and drag it down
the column. Excel will adjust cells referred tacwpied formulae by incrementing
their row numbers and column letters as they apgedodown rows and across
columns respectively. In most cases this is exaehigt one wants, but in some cases
one wants the same cell referred to in the calicudatof an entire row or column. If
this is the case, then use a $ sign (e.g. $E$6ded in a formula is left unchanged
when copied to a new cell).

Remember to take care to display the correct numbggnificant figures in your
data. Since Excel calculates the answer to as plangs as can fit in the cell, you
often need to adjust the number of decimal place®iumns to reflect the correct
number of significant figures. Decreasing the nunddelecimal places is easiest
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00 +.0
achieved using the button mark:"! ; increasing by that marke®**. . To add

gridlines or borders to your table use the butt@nked E .

Plotting with Excel

When you are ready for Excel to plot your data gead to highlight the two columns
of data you wish to plot and uBdSERT, CHART to call up the chart (plotting)
procedure. Choose th€r (SCATTER) option and then select the chart sub-TYPE
option which allows you to plot the points withduies. Then click oINEXT, and
NEXT again until you bring up theHART OPTIONSWindow. You can use thBITLE
option to write a title and label the andy-axes, théSRIDLINE option to switch off
the gridlines and theEGEND option to switch offSHow LEGEND. Having done this,
click onFINISH .

Move your plot into the desired position by clicgijust inside the borders and
dragging it to where you want it positioned. Expdtriay pulling on the small black

squares in the middle of the borders.

“Best fit” with Excel

To draw the best straight line through your poalisk somewhere inside your graph
to select it, then click o0@HART, ADD TRENDLINE and select theINEAR

option. If you need to know the slope and interadhis straight line click on
OPTIONS and check th®IsPLAY EQUATION ON CHART box. Before plotting your
graph it will probably be best to remove the gragkground — easiest done by
clicking twice somewhere on the background anceeithoosing the colour white, or
choosing “none”.

The final alteration you may wish to attempt ich@ange the origin and scale of the
plot so that your graph covers most of the pagechEmge the scale on the x-axis,
click on the axis to select it. Next click 5®ORMAT, SELECTED AXIS and

choose thé&cALE option to change the minimum for yoxsaxis. Repeat this exercise
for they-axis if desired.
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D2. USING CURFIT

CURFIT can be used to calculate the slope andceptrof the best fit straight line
through data, together with their uncertainties. Start the program, click on the
CURFIT shortcut on the desktop, as you do with prggram running on Windows.
The program will open (see Figure 19). Clok and TYPE in the< andY values in
the appropriate columns, as shown in Figure 20.

About Curfit x|

THE UNIVERSITY@‘%#{

Department of Physics Teaching Laboratories

Peter Main 22 September 1798

CURFIT plots graphs and fits curves to data

input from the keyboard or from a disc file.

The graphs may be printed or saved
as Windows bitmaps which can be

imported to a word processor.

Figure 19: Title screen of CURFIT
SelectSTRAIGHT LINE onFIT CURVE TO DATA ; a small window will open.
In the small window, sele@ALCULATE SLOPE AND INTERCEPT (default option) and

click Ok on the small window; the small window will close.

Click onDISPLAY GRAPH to see the graph amSPLAY PARAMETERS to get
the value of the uncertainties in the slope aneragpt (see Figure 20).
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¢ Curfit control

default graph title

x-axis

y-axis

Figure 20: Data input and fitting screen of CURFIT
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D3. USING CALCULATORS

SHARP
(compiled from SHARP EL-531WH User Manual
with Course | Lab Comments in Shadowed Text Boxes)

STATISTICAL CALCULATIONS [13]

Statistical calculations are performed in the statistics mode. Press
to select the statistics mode. This calculator performs
the seven statistical calculations indicated below. After selecting
the statistics mode, select the desired sub-mode by pressing the
number key corresponding to your choice.

When changing to the statistical sub-mode, press the correspond-
ing number key after performing the operation to select the statis-

tics mode (press (MODEJ(1_)).

select SD

: Single-variable statistics

: Linear regression calculation

: Quadratic regression calculation

. Exponential regression calculation
: Logarithmic regression calculation

: Power regression calculation

: Inverse regression calculation

The following statistics can be obtained for each statistical calcula-
tion (refer to the table below):

Single-variable statistical calculation
Statistics of 1

Linear regression calculation
Statistics of (1) and (2 and, in addition, estimate of v for a given x
(estimate y’) and estimate of x for a given v (estimate x")

Exponential regression, Logarithmic regression,

Power regression, and Inverse regression calculation
Statistics of (1) and (2. In addition, estimate of y for a given x and
estimate of x for a given y. (Since the calculator converts each
formula into a linear regression formula before actual calculation
takes place, it obtains all statistics, except coefficients a and b,
from converted data rather than entered data.)

Quadratic regression calculation
Statistics of (1) and (2 and coefficients a, b, ¢ in the quadratic
regression formula (v = a + bx + ex?). (For quadratic regression
calculations, no correlation coefficient (r) can be obtained.) When
there are two x” values, press ==.

When performing calculations using a, » and ¢, only one numeric

value can be held.

X Mean of samples (x data)
sx Sample standard deviation (x data)
ox Population standard deviation (x data)

n Number of samples

Sum of samples (x data)

Sum of squares of samples (x data)
i Mean of samples (v data)

Sample standard deviation (v data)

ay Population standard deviation (v data)
Xy Sum of samples (y data)
? Zy? Sum of squares of samples (v data)

Zxy Sum of products of samples (x, v)
r Correlation coefficient
a Coefficient of regression equation
b Coefficient of regression equation
c Coefficient of quadratic regression equation

* Use and to perform a STAT variable calculation.

Data Entry and Correction [14]
Entered data are kept in memory until are pressed or
mode selection. Before entering new data, clear the memory con-
tents.

[Data Entry]
Single-variable data
Data
Data frequency (To enter multiples of the same
data)
Two-variable data
Data x
Data x )
of the same data x and v.)
* Up to 100 data items can be entered. With the single-variable
data, a data item without frequency assignment is counted as
one data item, while an item assigned with frequency is stored as
a set of two data items. With the two-variable data, a set of data
items without frequency assignment is counted as two data items,
while a set of items assigned with frequency is stored as a set of
three data items.

frequency (To enter multiples

[Data Correction]
Correction prior to pressing immediately after a data entry:
Delete incorrect data with (oGN], then enter the correct data.
Correction after pressing (DATA):
Use (Ca J(Cw ) to display the data previously entered.
Press (¥ ) to display data items in ascending (oldest first)
order. To reverse the display order to descending (latest first),
press the (Ca ) key.
Each item is displayed with ‘Xn=", ‘¥Yn=", or ‘Nn=" (n is the sequen-
tial number of the data set).
Display the data item to modify, input the correct value, then
press (DATA). Using (= ), you can correct the values of the data
set all at once.
« When . or w appears, more data items can be browsed by
pressing Ca Jor_w ).
* To delete a data set, display an item of the data set to delete,
then press (2ndF) (CcD ). The data set will be deleted.
* To add a new data set, press and input the values, then
press (DATA).

Sx corresponds to

standard deviation

[15]

Zx2 — nx?

n
IX=X{ + X2 4 -+ Xy
Eaf = x4 ap? 4+ xR

_ v Xy2 - py?
y=— oy=/———
: n : n

XY = X{V] + X2V2 + -+ XV
Ey=yi+yet o4y
TP =12+ y2? o st

ox =
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Examples

(13] [14] @R &)Y
~ DATA - weE (o)) o
30 30 1
40 2 2
D 0. 40 50 3
95 1. 50
80 2 I
3
3 4 - DATA
50 5, 30 (X))
45 45 () ) 3 (DATA) X2 = 45
75.71428571 45 B M= 3
12.37179148 45
n= 7. 60 v 60 X3= 60.
L= 530.
v 41°200.
= 13.3630621
s¥i= 178.5714286
(95-%)  10450= 95 (=) ()
. = 10
50 (=) 64.43210706
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CASIO

(compiled from CASIO fx-82ES User Manual
with Course | Lab Comments in Shadowed Text Boxes)

Statistical Calculation

(STAT)

{ 0E (20).

All caleulations in this section are performed in the STAT Made

Selecting a Statistical Calculation Type

In the STAT Mode, display the statistical calculation type selection

screen.

B Statistical Calculation Types
Key | Menu [tem Statistical Calculation
G | 1-VAR Singlo-variable
[2) | A+BX Linear regrassicn
@ | _+cx? Quadratic regression
@ |[Inx Logarithmic ragression
B |emX € exponentlal regression
AsBAY ab expenertial regression
AsX B Power regression
X INVerse regression

M Inputting Sample Data

select 1

Displaying the STAT Editor Screen

The STAT editor screen appears after you enter the STAT Mode
from another mode. Use the STAT menu to select a statistical
calculation type. To display the STAT editor screen from another STAT
Mode screen, press e (3] (STAT) [Z](Data).

STAT Editor Screen

There are two STAT editor screen formats, depending on the type of
statistical calculation you selected.

STAT (0] STAT m
| g
E|

Single-variable Statistics

Paired-variable Statistics

« The first line of the STAT editor screen shows the value for the first
sample or the values for their first pair of samples.

FREQ (Frequency) Column

If you turn on the Statistical Display item on the calculator's setup

screen, a column labeled “FREQ" will also be included on the STAT
editor screen.

You can use the FREQ column to specify the frequency (the number

of times the same sample appears in the group of data) of each
sample value.

Rules for Inputting Sample Data on the STAT Editor
Screen

« Data you input is inserted into the cell where the cursor is located.
Use the cursor keys to move the cursor between cells.

STAT

5]
L)

Cursor
« The values and expressions you can input on the STAT editor
screen are the same as those you can input in the COMP Mode
with Linear format.
« Pressing (&g while inputting data clears your current input.
« After inputting a value, press (). This registers the value and
displays up to six of its digits in the currently selected cell.

Example: To input the value 123.45 in cell X1
(Maove the cursor to call X1.)

STAT m

]
IDEERAE é'i-‘ |

3
The value you input appears —1 €5 451
in the formula area.

STAT [0}
] ‘\'

2| &
3

Registering a value causes the cursor to move down one cell.

STAT Editor Screen Input Precautions
« The number of lines in STAT editor screen (the number of sample
data values you can input) depends on the type of statistical data

you selected, and on the Statistical Display setting of the calculator's
setup screen.

Statistical
D|sp|ay OFF . ON
Statistic Type (No FREQ column) |  (FREQ column)
Single-variable 80 lines 40 lines
Paired-variable 40 lines 26 lines

« The following types of input are not allowed on the STAT editor
screen.

* [, [ [ (M-) operations

« Assignment to variables (STO)
Precautions Concerning Sample Data Storage
Sample data you input is deleted automatically whenever you change
to another mode from the STAT Mode or change the Statistical
Display setting (which causes the FREQ column to be shown or
hidden) on the calculator's setup screen.
Editing Sample Data
Replacing the Data In a Cell

(1) On the STAT editor screen, move the cursor to the cell you want
to edit.

(2) Input the new data value or expression, and then press [=].

Important!

+ Note that you must totally replace the existing data of the cell with
new input. You cannot edit parts of the existing data.

Deleting a Line

(1) On the STAT editor screen, move the cursor to the line you want
to delete.

(2) Press (o).
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Inserting a Line

(1) On the STAT editor screen, move the cursor to the line that will
be under the line you will insert.

(2) Press [@a]) (3 (STAT) (3] (Edit).

(3) Press [@(Ins).

Important!

« Note that the insert operation will not work if the maximurm number
of lines allowed for the STAT editor screen are already used.

Deleting All STAT Editor Contents
(1) Press (@) (1) (STAT) (E)(Edit).
(2) Press [Z](Del-A).
+ This clears all of the sample data on the STAT editor screen.
Note
+ Note that you can perform the procedures under “Inserting a Ling”
and “Deleting All STAT Editor Contents” only when the STAT editor
screen is on the display.

M STAT Calculation Screen

The STAT calculation screen Is for performing statistical calculations
with the data you input with the STAT editor screen. Pressing the
[Ag) key while the STAT editor screen is displayed switches to the
STAT calculation screen.

The STAT calculation screen also uses Linear format, regardless of
the current input/output format setting on the calculator's setup
screen.

B Using the STAT Menu

While the STAT editor screen or STAT calculation screen is on the
display, press [@](STAT) to display the STAT menu.

The content to the STAT menu depends on whether the currently
selected statistical operation type uses a single variable or paired
variables.

H : 1:Twpe  ZiData
é:EE?% 3:%3&5 GiEdit  4:iSum
Szvar &z Minkax gsagg S:mMinMax

Single-variable Statistics Paired-variable Statistics

STAT Menu ltems
Common [tems

Select this
menu tem:

When you want to do this:

Display the statistical calculation type selection
@ Type screen

[2] Data Display the STAT editor screen

@ Edit Display the Edit sub-menu for editing STAT editor
screen contents

@ sum Display the Sum sub-menu of commands for

calculating sums

EVar Display the Var sub-menu of commands for
calculating the mean, standard deviation, etc.

Display the MinMax sub-menu of commands for

obtaining maximum and minimum values

(B MinMax

Paired-variable Menu Item

Select this
menu Item: | When you want to do this:

Display the Reg sub-menu of commands for
regression calculations

+ For details see “Commands when Linear
7]Re
£ Regression Calculation (A+BX) Is Selected” and
“Commands when Quadratic Regression
Calculation (_+CX2) Is Selected”.

Single-variable (1-VAR) Statistical Calculation
Commands

The following are the commands that appear on the sub-menus that
appear when you select (&) (Sum), (5] (Var), or (6] (MinMax) on the
STAT menu while a single-variable statistical calculation type is
selectad.

See | Appendix | <#039> for information about the calculation

formula used for each command.

Sum Sub-menu (& (G (STAT) (3] (Sum))

Select this
menu Item: | When you want to obtain this:

Mz Sum of squares of the sample data
(IFA)Y Sum of the sample data

Var Sub-menu (@A) (1) (STAT) (B (Var))

Select this

menu ltem: | When you want to obtain this:
@n Number of samples

21x Mean of the sample data
[Elxan Population standard deviation
@ xon-1 Sample standard deviation
MinMax Sub-menu () (3 (STAT) (€] (MinMax))
Select this

menu Item: | When you want to obtaln this:
@ minX Minimum value

[ maxX Maximum value

Appendix | Single-variable Statistical Calculation
<#040= Select single-variable (1-VAR) and input the following data:
{1,2,3,4,5,6,7,8,9, 10} (FREQ: ON)
<#041=> Edit the data to the following, using insert and delete:

{0,1,2,3,4,5,6,7, 9, 10} (FREQ: ONj)
<#042> Edit the FREQ data fo the following:
1,2,1,2,2,2,3,4,2, 1} (FREQ: ON)

« Examples <#043> through <#045> all use the same data as
Example <#042>.
<#043= Calculate sum of squares of the sample data and sum of
the sample data.
<#044= Calculate number of samples, mean, and population
standard deviation.
<#045= Calculate minimum value and maximum value.

Xon-1 corresponds

to standard
deviation

>
1
XOn= Z(_y—_f)""
m
XOn-1= M
n-1
@8 ® @ (STAN@(ON) | 5F 11288 ZiT0=E
0 @) (STA) | S{ £ SiT0ET
isrm FI'iEm'!
(D (1-VAR) é
DE DE A6 @8 | ) me
SSogE B dudl |
| STAT D]
(4]
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